One of the main differences between sentiment and infectious diseases is that the former one has two opposite infectious states: positive (optimistic) and negative (pessimistic), while the latter one has not. In this paper, based on the SISa model, we consider this issue and propose a new model of sentiment contagion called the SOSa-SPSa model. The results of both numerical and agent-based simulations show that our model could explain the process of sentiment contagion better than that of Hill et al. (2010) . Further analysis shows that both the numbers of optimistic and pessimistic individuals will increase with the probability of spontaneity or contagion and decrease with the probability of recovery. Potential applications of this model in financial market have also been discussed.
Introduction
Social emotion (or sentiment) is the result of the interaction between individuals, but how does this interaction take place and ultimately form the social emotion? Maybe the study of emotional contagion can give an answer for this question. Emotional contagion can be simply defined as a situation where every individual's emotion could be affected by others' emotion, and the whole process is usually spontaneous, unconscious, and uncontrolled [1] . The previous studies on emotional contagion are mainly concentrated in the field of psychology and sociology [2] [3] [4] [5] ; however, in recent years, this issue has been also discussed in financial market.
In the field of psychology and sociology, the behavior of emotional contagion has been studied in many papers [6, 7] . The most representative works are SIS and SIR models [8] [9] [10] [11] , which belong to the classic epidemic models and are designed to study the infection of diseases. But now these models have been used to solve the problem of emotion contagion. Dodds and Watts (2005) discuss these two models in a unified framework [12] . Hill et al. (2010) , who have considered the spontaneous generation process of emotion, explore the issues of emotional contagion on the basis of SISa model and use the data from the Framingham Heart Study to estimate the model parameters [13] . As we all know, social networks are very complex [14] [15] [16] [17] , and the research of the complex networks is also the new trend of research on emotion contagion [18] [19] [20] . For example, Zhao et al. (2014) establish an emotion contagion model in complex networks and find that the tendency of emotion variation in the BA scale-free network is almost the same as that in the homogeneous network [21] . Another research method called computational model has been in use recently [5, 22, 23] . For example, Fu et al. (2014) simulate the dynamic process of emotion contagion based on the SIR model and find that infection frequency will increase with the average crowd density [24] .
Investor sentiment is a special kind of individual emotion, which originates in people's psychological behavior, such as risk preference [25, 26] . Sentiment contagion in the financial field is also a promising research topic (the sentimental process is similar to the emotional process, both of which have some common characteristics, but when we use the word "sentiment" in financial market, it contains more meanings related to asset prices. However, we are indeed not to distinguish the difference between these two words in this paper, and in the next part, we use the word "sentiment" instead of "emotion"). In recent years, scholars' 2 Discrete Dynamics in Nature and Society understanding of investor sentiment contagion has already been developed to a certain scope on the macro level [27] [28] [29] . Baker et al. 's (2012) research about contagion of investor sentiment is a representative work [30] . Chang et al. (2012) have also studied the problem of global sentiment contagion and the influencing factors of it, and they find the capital flow is a channel of contagion, but not the only one [31] . Overall, the research on sentiment contagion still needs further study, especially on the contagion mechanism and channel.
Using classical epidemic models to mathematically describe the sentimental contagion process can help us to understand and predict generation and spread of sentiment. But this method at least has a defect at present; that is, when treating sentiment as infectious disease, we need to mention that sentiment in real life has two opposite contagious states: positive (optimistic) and negative (pessimistic), but the disease only has one infectious state, which is the "infected" status in SIS or SIR model. For this reason, the usual epidemic model is not very suitable to be used to describe the process of sentiment contagion directly. Being different from the existing researches, this paper extends the SISa model with considering the two states of sentiment and builds a new model called SOSa-SPSa model. The main reason why we choose the SISa model is that, comparing with the classic SIS model, the SISa model involves an automatic process of sentiment generation, which is consistent with our intuition that sentiment can arise spontaneously. In our new model, both of the two opposite sentiment states are similar to the infectious state in SISa model. By treating optimism and pessimism as contagious, we divide the process of sentiment contagion into two processes: susceptible-optimistic-susceptible (SOS) and the susceptible-pessimistic-susceptible (SPS), and each of these processes is similar to the susceptible-infectedsusceptible (SIS) process.
The rest of this paper is divided into 3 sections. After providing some background information about sentimental contagion and giving a literature review in Section 1, we introduce our model in Section 2. Section 3 analyzes the equilibrium solutions of the new model by using both numerical and agent-based simulations. Finally, Section 4 summarizes the main conclusions of this paper and outlines some potential applications in further studies.
The SOSa-SPSa Model
According to whether the infector can become immune to the virus, the most classic epidemic models can be divided into two categories: one is SIS model; the other is SIR model. In the classic SIS model, an individual only switches between the two states: the susceptible ( ) and infected ( ). If considering the immune status which exists after some diseases' recovery, then the model can be transformed to SIR model. In this paper, we will regard sentiment as one kind of diseases, which can be transmitted among people. As we all know, individual sentiment is innate, spontaneous, and susceptible, and people face difficulty in being immune to others' sentiment. Therefore, we discuss the problem of sentimental contagion based on the SISa model, which is an extend model of SIS model with an automatic sentiment generation process.
The SISa model is proposed by Hill et al. (2010) , and it considers the spontaneous generation process of sentiment [13] . The basic framework of the model is as in Figure 4 , where and represent the susceptible people and the infected people, respectively, is the probability of the process of the susceptible transform into the infected, including both the spontaneous and infectious processes, and is the probability that the infected can recover back to the susceptible.
The characteristics of sentiment are very complex, and simply treating sentiment as a single status is not good enough for us to understand sentiment well. So, based on the SISa model above, this paper divides the infected status into two states: the optimistic ( ) and the pessimistic ( ).
And both the classic SIS model and SIR model have two assumptions (Hill et al., 2010) : first, the more the susceptible are exposed to the infected, the more the probability the susceptible become to the infected; second, the probability of the infected people's recovery is irrelevant to the number of infected individuals. Hill et al. (2010) further consider the probability that the susceptible spontaneously convert to the infected, which means that no matter whether contacted with the infected or not, the susceptible will automatically transform into the infected at a certain probability, and it is consistent with the spontaneously generated pattern of sentiment. When considering dividing the sentiment into optimism and pessimism, the two assumptions discussed above are still applicable but not complete. Therefore, we add some other assumptions as follows.
(1) There are three kinds of sentiment states: the optimistic, the pessimistic, and the susceptible. ( 2) The more the number of the optimistic whom the susceptible contacted with, the greater the probability that it will become optimistic; the more the number of the pessimistic whom the susceptible contacted with, the greater the probability that it will become pessimistic. (3) The probability that the optimistic or the pessimistic recover back to the susceptible is irrelevant to the number of the optimistic or the pessimistic. (4) The susceptible will spontaneously transform into the optimistic or the pessimistic at a certain probability.
In addition, because of the lack of understanding the transmission mechanism between optimism and pessimism, and for simplified analysis too, this paper assumes that the optimistic and the pessimistic can only transform into the susceptible but cannot transform into each other directly.
Based on the assumptions above, this paper analyzes the sentimental contagion process by considering the opposite sentiment states, and similar to Hill et al. (2010) [13] , the processes can be mainly described in Figure 5 .
In Figure 5 (a), the model depicts the process of the transformation between the optimistic and the susceptible. (1) The susceptible will not change to the optimistic due to their connections with the pessimistic. (2) When the susceptible one contacts with the optimistic ones, there is a probability of for him or her to become an optimistic one. (3) Regardless of whom the susceptible one contacts with, there is a probability of for him or her to become optimistic spontaneously. (4) Regardless of whom the optimistic one contacts with, there is a probability of for him or her to revert to the susceptible status.
Similarly, as we can see in Figure 5 (b), the model describes the transformation process between the pessimistic and the susceptible. (1) The susceptible will not become pessimistic due to their connections with the optimistic. (2) When the susceptible one contacts with the pessimistic ones, there is a probability of for him or her to become a pessimistic one. (3) Regardless of whom the susceptible one contacts with, there is a probability of for him or her to become pessimistic automatically. (4) Regardless of whom the pessimistic one contacts with, there is a probability of for him or her to recover to the susceptible status.
In brief, the individual mainly experiences two conversion processes: susceptible-optimistic-susceptible (SOS) and susceptible-pessimistic-susceptible (SPS), both of which include an automatic process of sentiment generation. Therefore, this paper names the new model as SOSa-SPSa model. Figure 6 is a simple description for the basic framework of the SOSa-SPSa model, and different from the SISa model, the parameters and , which express the probabilities that the susceptible transform into the optimistic and the pessimistic, respectively, have new features. When considering the optimistic or pessimistic status of sentiment, the susceptible can contact with the optimistic and the pessimistic simultaneously, but in this situation, which status the susceptible will transform into? And how large the probability is? In order to discuss these problems conveniently, this paper assumes that the total number of individuals is , and among them, the number of the optimistic is , the number of the pessimistic is , and the number of the susceptible is , which satisfy the equation + + = . We also simply assume that the processes of the susceptible transform into the optimistic and the pessimistic are independent; thus the SOSa-SPSa model can be written as follows:
Let / = 0, / = 0, and / = 0, and we can get the equilibrium points of these differential equations. If + ̸ = 0 and + ̸ = 0, it is easy to obtain that = /( + ) and = /( + ). Thus, in the equilibrium state, the quantity relation between the number of the optimistic and the number of the pessimistic is given by 
Model Simulations

Equilibrium: Numerical and Agent-Based Simulations.
The differential equation is popular in the relevant theory, but the solutions of these differential equations are usually complicated [32] [33] [34] ; therefore we analyze the process of sentiment contagion by using the numerical and agentbased simulations. At first, we have to set the parameters, which usually depend on the specific situation. In this paper, according to the estimated results from Hill et al. (2010), we set the key parameters as follows: = 0.18, = 0.02, = 0.088, = 0.04, = 0.04, and = 0.13. And we set the initial values of the number of three statuses as = 626, = 626, and = 628, so = 1880. In fact, the choice of initial values has no effect on the final results. Additionally, it is important to note that we do not assume the population as well mixed, but it has an average degree of 4.
The final equilibrium states from numerical and agentbased simulations are shown in Figure 1 , and we can find that the number of each state reaches a constant value by using numerical simulation ( = 1202.21(63.95%), = 196.13(10.43%), and = 481.66(25.62%)), which is nearly identical to the results of the agent-based simulation. These results are almost consistent with the results from Hill et al. (2010), who have reported the proportion of each status. And these results show that our model is reasonable and can explain the process of sentiment contagion well.
The Effect of Different Parameters on the Equilibrium.
There are six parameters in our model, which makes the equilibrium results very complex. Therefore, in order to facilitate the follow discussion, we assume that there is no difference between the optimistic and the pessimistic sentiment contagion processes. In fact, when the corresponding parameters are equal, the results of the two processes are symmetric. That is to say, when the equilibrium state has been reached, there will be the same number of the optimistic and the pessimistic. Therefore, at the beginning of the analysis in this section, we only discuss the related characteristics about the pessimistic. It means that this paper only discusses how the change of key parameters, which is associated with the pessimistic sentiment, affects the quantity of the pessimistic. In other words, we will discuss how the change of , , and affects the equilibrium results. Meanwhile, in order to make the simulation results more intuitive, we set = 1000. In fact, we find that in the process of the simulation, the setting of other parameters has no effect on the basic conclusions of this paper. Figure 2 shows how the pessimism's recovery speed and its transmission speed influence the equilibrium number of the pessimistic under different parameters. Simply speaking, the faster the speed of the spontaneous generation is, the higher the equilibrium number of the pessimistic is. And the number of the pessimistic in equilibrium is positively related to the transmission speed but negatively related to the recovery speed. This is the same with our intuition. The interesting thing is that when the speed of the spontaneous generation and the probability of the susceptible getting infected are both at a low level, the speed of recovery in different intervals may have obvious different effects on equilibrium quantity.
In practice, the contagion rate of pessimism is often bigger than that of optimism, but how does this difference influence the equilibrium? In order to further study this issue, we relax the assumptions above and take the unequal contagion rates into consideration. From Figure 3 , we can find that when the speed of spontaneous generation is very small or even near 0 (it is also close to the SIS model which does not consider the spontaneous generation of sentiment), the tiny difference between the contagion speeds of pessimism and optimism may lead to a huge difference between the numbers of the final equilibrium quantity of each sentiment state. It means that when the contagion speed of pessimism is bigger than that of optimism, the former one will hold the dominant position quickly. But when the mechanism of sentiment's spontaneous generation exists, the above phenomenon would not be so obvious. This can be understood as follows: the mechanism of sentiment's spontaneous generation would do an important and stable job to avoid the unlimited spread of single sentiment, especially the negative sentiment. It also enlightens us about the importance of cultivating a good generation mechanism of optimistic sentiment in our society.
We also simulate our model by using agent-based model, and the limited experimental results show that the above numerical solutions are also stable.
Discussions and Conclusions
This paper extends the classic SISa model, proposes a new framework model considering both the optimistic and pessimistic states, and constructs a SOSa-SPSa model. The simulations of the new model show that the results can match with the experimental data of Hill et al. (2010) well. From the further analysis of the equilibrium results affected by the key parameters, we can discover that the equilibrium quantity of the pessimistic is only related to the pivotal parameters, while irrelevant to the initial values of each sentiment group.
The SOSa-SPSa model proposed by this paper can well portray the process of sentiment contagion involving both the optimistic and pessimistic states, and the results are also consistent with the limited experimental data. However, the lack of the stability analysis of the equilibrium of this model is the limitation of this paper. Although this paper already analyzes the equilibrium of the SOSa-SPSa model, the stability of the equilibrium has not been discussed mathematically yet. Actually, the SOSa-SPSa model has six key parameters, which makes the analysis of the stability of the equilibrium point become a very difficult job. And we just have some infinite tests to observe the stability of this model under the different parameters settings, which show that the above equilibrium points are stable. The simulation results of agent-based model also suggest that the equilibrium solution is stable, but it is still necessary to discuss the stability of the equilibrium model in a strict framework. We also have not considered the transformation mechanism between the optimistic and the pessimistic, which will be included in the next step of our work. This SOSa-SPSa model can be used to study the investor sentiment contagion in the field of behavioral finance, but if you want to apply it to this topic, there are still some difficulties exist. We argue that the general sentiment contagion model in the field of psychology and sociology can only be used as a base model for investor sentiment contagion, but the deeper study of the characteristics of investor sentiment contagion is also very important and therefore necessary [35, 36] . If you want to further consider the issue of the investor sentiment contagion based on our model, you will need to think deeply about the commonness and differences between the definition of "emotion" and "investor sentiment" in both fields of social psychology and behavioral finance. This is because the investor sentiment not only has some common features of social mood but also could be profoundly affected by many market factors, such as the special operation mechanism of financial markets [37] , the diffusion pattern of market information, the characteristic of complex network among investors, and the people's risk attitude [38, 39] , and the presence of these factors may lead the contagion process of investor sentiment to present different characteristics from those in the field of sociology and psychology. Therefore, in our future research, we will further study the contagion characteristics of investor sentiment based on the microscopic model, which helps us to understand the generation mechanism of the investor sentiment and the relationship between investor sentiment and asset price more profoundly.
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